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Introduction & motivation
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Simple question : “How and how much they are mixed ? Can we estimate it?” 

[1] Funaki et al., PRC67(03)051306(R)
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» Composite and elementary nature of a resonance in the sigma model
arXiv:1307.2031  : within two-level problem
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|  𝜎 = 𝐶1 |  +𝐶2 |  + …𝜋
𝜋 𝜎

phys

First Half

Latter Half

» “compositeness condition 𝑍 = 0” [1-3]

⟺ “elementary component 𝑧22”
» Representation Dependence
» Which (what) is an “economical” picture ?

[1] S.Weinberg, PR137(65)B672
[2] D. Lurie, A.J.Macfarlane, PR136(64)B816

[3] T.Hyodo, D.Jido, A. Hosaka, PRC85(12)015201



Two level problem
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composite meson

𝑡𝑊𝑇 =
𝑣𝑊𝑇

1 − 𝑣𝑊𝑇𝐺
+ + …=

m

m’

m

m’

full scattering amplitude

≡ = 

= (gR, g ) 
s-sp

s-M2 -
gGgR gGg

gRGg gR

g
𝑇 =

𝑣𝑊𝑇 + 𝑣𝑝𝑜𝑙𝑒

1 − 𝑣𝑊𝑇 + 𝑣𝑝𝑜𝑙𝑒 𝐺

,= ( ) -
-1 -1

dynamically generated s-wave resonance
in chiral unitary approach

elementary meson

m’

m

m’

m

=

𝑣𝑝𝑜𝑙𝑒 = 𝑔
1

𝑠 −𝑀2
𝑔

elementary field in Lagrangian

Nagahiro, Nawa, Ozaki, Jido, Hosaka,  PRD83(2011)111504(R)

 𝐷2 × 2 full propagator

𝑔𝑅 𝑠
1

𝑠 − 𝑠𝑝
𝑔𝑅(𝑠)

-1
: mixture of two basis state



Two level problem
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gRGg gR

g
𝑇 =

𝑣𝑊𝑇 + 𝑣𝑝𝑜𝑙𝑒

1 − 𝑣𝑊𝑇 + 𝑣𝑝𝑜𝑙𝑒 𝐺

,= ( ) -
-1 -1

 𝐷2 × 2 full propagator

-1

𝐷11 =
𝑧𝑎
11

𝑠 − 𝑀𝑎
2 +

𝑧𝑏
11

𝑠 − 𝑀𝑏
2 , 𝐷22 =

𝑧𝑎
22

𝑠 − 𝑀𝑎
2 +

𝑧𝑏
22

𝑠 − 𝑀𝑏
2

|  𝑝ℎ𝑦𝑠 = 𝑧𝑎
11 |  + 𝑧𝑎

22 |  

full scattering amplitude: mixture of two basis state



Two level problem
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𝐷11 =
𝑧𝑎
11
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11

𝑠 − 𝑀𝑏
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𝑧𝑎
22
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2 +

𝑧𝑏
22

𝑠 − 𝑀𝑏
2

|  𝑝ℎ𝑦𝑠 = 𝑧𝑎
11 |  + 𝑧𝑎

22 |  

Full scattering amplitude around a pole 𝑀𝑎

𝑇 = 𝑔𝑅
𝑧𝑎
11

𝑠 − 𝑀𝑎
2 𝑔𝑅 + 𝑔
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2 𝑔𝑅 + 𝑔𝑅
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12

𝑠 − 𝑀𝑎
2 𝑔 +⋯

gR gR

+
g g

+
g gR

+
ggR

= 𝑔𝑅 𝑧𝑎
11 + 𝑔 𝑧𝑎

22

2
1

𝑠 − 𝑀𝑎
2 +⋯ (∵ 𝑧12 2 = 𝑧11𝑧22 )

𝑇 = 𝑔0𝑍
1/2 2 1

𝑠 − 𝑀∗2Yukawacf. in a simple Yukawa model



Application to a1(1260) axial meson
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Hidden local symmetry (or Holographic) model
𝜋𝜌 molecule [chiral unitary…] vs. elementary a1 [NJL, Lattice…]
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Application to sigma meson

8

Nagahiro-Hosaka, arXiv:1307.2031

sigma model in non-linear representation

ℒ =
1

4
tr 𝜕𝜇Σ𝜕

𝜇Σ† +
𝜇2

4
tr Σ†Σ −

𝜆

16
𝑡𝑟 Σ†Σ

2
+ 𝑎 tr Σ†Σ

Σ = 𝑓𝜋 + 𝜎 𝑈, 𝑈 = exp(𝑖  𝜏 ⋅ 𝜋/𝑓𝜋 )

Interaction kernel (potential 𝑣) in Bethe-Salpeter eq.

𝑣𝑒𝑥 = −
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𝑓𝜋
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2𝑠 − 𝑚𝜋

2
𝜋

𝜋

𝜋
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BS eq. for s-wave 𝜋𝜋 scattering amplitude 
𝑡 = 𝑣 + 𝑣𝐺𝑡 = 𝑣−1 − 𝐺 −1

Attractive enough to develop
𝜎 pole as 𝜋𝜋 composite

Oller, Oset, NPA620(97)438



Numerical results : pole-flow in complex energy plane
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Numerical results : pole-flow in complex energy plane
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Numerical results : pole-flow in complex energy plane
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Numerical results : bare 𝜎 mass 𝑚𝜎 dependence
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Numerical results : bare 𝜎 mass 𝑚𝜎 dependence
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the fate of the other pole
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the fate of the other pole
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Although we can define two basis states
as independent degrees of freedom,

we do NOT necessarily have two physical states.

The fate of the other pole depends on the coefficients of these terms

total potential (interaction kernel) at large 𝑠

𝑣𝑐𝑜𝑛 + 𝑣𝑒𝑥 + 𝑋 × 𝑣𝑝𝑜𝑙𝑒
𝑠

−
3 1 − 𝑋

𝑓𝜋
2

𝑠 + 𝑂(𝑠0)
large

unitarity …?



pole-position and 𝑧11, 𝑧22 @ different cut-off Λ and bare mass 𝑚𝜎
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How is 𝒛𝟐𝟐 connected to 

the “compositeness condition 𝒁 = 𝟎”[1,2,3] ?

Simple question …

[1] S.Weinberg, PR137(65)B672
[2] D. Lurie, A.J.Macfarlane, PR136(64)B816

[3] T.Hyodo, D.Jido, A. Hosaka, PRC85(12)015201

Nagahiro-Hosaka, in progress



𝑧22 ↔ “compositeness condition Z=0” ?
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Compositeness condition

four-Fermi theory w/o “elementary”

+ + + …=

ℒ𝐹 = −𝑔0  𝜓𝛾5𝜓  𝜓𝛾5𝜓

𝑇𝐹 =
𝑣𝐹

1 − 𝑣𝐹Π(𝑠)

Yukawa theory w/o four-Fermi

ℒ𝑌 = 𝑖𝐺0  𝜓𝛾5𝜓 𝜙

+ += …

𝑇𝑌 = 𝐺0
1

𝑠 − 𝑚0
2 − 𝐺0

2Π 𝑠
𝐺0

= 𝐺𝑅
1

𝑠 − 𝑚∗2 − 𝐺𝑅
2 Π𝑐

′ 𝑠
𝐺𝑅

𝑍 = 1 + 𝐺𝑅
2Π′ 𝑚∗ = 0

compositeness condition

w.f. renormalization of Yukawa theory

[2]

=
=

𝑍 = 0

Yukawa Theory as a kind of  “scale”,

which does not have potential 
to develop a composite state.

[1] S.Weinberg, PR137(65)B672
[2] D. Lurie, A.J.Macfarlane, PR136(64)B816

D. Lurie, Particle and Fields, 1968
[3] T.Hyodo, D.Jido, A. Hosaka, PRC85(12)015201



Yukawa theory vs. sigma model in nonlinear rep.
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Compositeness condition

nonlinear 𝝈 model w/o “elementary 𝝈”

+ + + …=

𝑣4𝜋 = − 2𝑠 −𝑚𝜋
2 /𝑓𝜋

2

𝑇𝐹 =
𝑣4𝜋

1 − 𝑣4𝜋Π(𝑠)

Yukawa theory w/o four 𝝅 ?

ℒ𝑌 = 𝐺0 𝜙𝜋𝜙𝜋𝜙𝜎

+ += …

𝑇𝑌 = 𝐺0
1

𝑠 − 𝑚0
2 − 𝐺0

2Π 𝑠
𝐺0

= 𝐺𝑅
1

𝑠 − 𝑚∗2 − 𝐺𝑅
2 Π𝑐

′ 𝑠
𝐺𝑅

𝑍 = 1 + 𝐺𝑅
2Π′ 𝑚∗ = 0

compositeness condition

w.f. renormalization of Yukawa theory

=
=

We don’t have a Yukawa theory
equivalent with the sigma model.

(𝑚𝜎 → ∞)



Equivalent representation(s)
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𝐴𝑁𝐿 𝑠 = −
1

𝑓𝜋
2
𝑠 − 𝑚𝜋

2 +
𝑠 − 𝑚𝜋

2 2

𝑓𝜋
2

1

𝑠 − 𝑚𝜎
2

𝐴𝐿 𝑠 =
1

𝑓𝜋
2 𝑚𝜎

2 −𝑚𝜋
2 +

𝑚𝜎
2 −𝑚𝜋

2 2

𝑓𝜋
2

1

𝑠 − 𝑚𝜎
2

𝐴𝑄 𝑠 =
(𝑠 − 𝑚𝜋

2) 𝑚𝜎
2 −𝑚𝜋

2 2

𝑓𝜋
2

1

𝑠 − 𝑚𝜎
2

s

p

p

p

p

+
𝜋

p

𝜋

p

𝜎𝐿

𝜋𝐿

𝜋𝐿

𝜋𝐿

𝜋𝐿

+
𝜋𝐿

𝜋𝐿

𝜋𝐿

𝜋𝐿

linear representation

Nonlinear reprentation (contains composite and elementary)

“quasi-particle” (“準粒子”) (すべてを 𝜎-poleとみなす)

→ calculate the wave function renormalization” for each “bare 𝜎”

𝐼 = 0 amplitude

𝑡𝑡𝑟𝑒𝑒 = 3𝐴 𝑠 + 𝐴 𝑡 + 𝐴 𝑢 𝑠−𝑤𝑎𝑣𝑒 ≡ 𝑉

𝑇 = 𝑉−1 − 𝐺 −1

s-wave BS equation

= 𝐺𝑅
2

1

𝑠 − 𝑚∗2

𝜎𝑄

𝜋𝑄

𝜋𝑄

𝜋𝑄

𝜋𝑄

contains composite and elementary

elementary and repulsive 4𝜋 contact

“elementary” and no contact



Equivalent representation(s)
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→ it depends on the definition of “elementary” particle 
 We first need to define “what is the elementary particle” .
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Contribution from other terms than pole term
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Contribution from 𝑉1

大部分をpole項に押しつけることで、
𝑉1(残り)を摂動で扱えるようにする。

Weinberg, PR130(63)776

 𝑉1 in the linear representation is large
 “quasi-particle” rep. seems to be that of [Weinberg,PR130].  But, … what is this?
 ‘Nonlinear + two level analysis’ gives us a reasonable physical interpretation



summary

» Mixing property of 𝝈 meson in nonlinear rep. by means of two level prob.
› Mixture of a 𝜋𝜋 composite and “elementary” 𝜎
› We have only one physical pole unlike the 𝑎1 case (with hidden Lagrangian)
› Physical 𝜎 is almost “𝜋𝜋 composite” and the component of “elementary”  is small 

within the present model setting.
› bare 𝜎 mass (or CDD pole) is closely connected to cut-off.  We need an extra 

condition to fix cut-off scale.

» Representation dependence of wave function renormalization Z
› “Compositeness condition 𝒁 = 𝟎” ⟷ 𝒛𝟐𝟐

› Generally, it depends on the definition of “elementary particle”

» What is the most “economical” basis ?
› or an approach from different axis (such as behavior expected in finite T/𝜌) ?
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