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Recently Hadron-hadron potential from Lattice QCD was proposed.


In this talk, we will report our first attempt at determining potentials in

 parity odd sector including the spin-orbit force in NN system.


What is Lattice QCD ?


How to construct potentials in Lattice QCD


Extension to parity-odd and LS force


Numerical Results in NN system

This	
  work	
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About This Work:	
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L
ψ	


O =
1
Z

DU DψDψ  O[ψ ,ψ ,U ] exp(−SQCD∫ [ψ ,ψ ,U ])

define	
  the	
  field	
  on	
  sites.	


Gauge	
  field	
  (	
  Gauge	
  link	
  ）	


quark	
  field	
  ψ	


Uµ (
x) ≡ exp ig dx 'µ  Aµ (x ')x

x+a

∫( )

  a⎯→⎯ 0

We	
  can	
  calculate	
  	
  poten;als	
  based	
  on	
  first	
  principle	
  of	
  QCD	


Take	
  the	
  limit:	




Δ
mN

+ E
⎛
⎝⎜

⎞
⎠⎟
φ r;E( ) = d 3yU r; ′r( )∫ φ ′r ;E( )

NBS	
  wave	
  func;on	
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Scrodinger	
  type	
  Equa;on:	
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‘’poten;al’’	


φ(r;E) ≡ 0 N x( )N y( ) B = 2;E

AWer	
  expan;on	
  of	
  the	
  U	
  around	
  	
  	
  	
  ,	
  with	
  taking	
  in	
  to	
  
symmetries,	
  we	
  can	
  obtain	
  Okubo-­‐Mulushck	
  formula.	


For	
  the	
  moment,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  parts	
  has	
  been	
  calculated	
  from	
  La_ce.	
  

r

 =  Vc(+ ) (r) +VT
(+ ) (r)S12 +VLS

(+ ) (r)

L·

S⎡⎣ ⎤⎦ P

+φ(r;E)

  + Vc(− ) (r) +VT
(− ) (r)S12 +VLS

(− ) (r)

L·

S⎡⎣ ⎤⎦ P

−φ(r;E) +O(∇2 )

Vc ≡ V0 (
r ) +Vσ (

r )( σ1 ⋅

σ 2 )



Δ
mN

+ E
⎛
⎝⎜

⎞
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φ r;E( ) = Vc(r ) φ(r;E)

Effec;ve	
  Scrodinger	
  Equa;on:	


S12 =
≠ 0
= 0

⎧
⎨
⎩⎪

:  S = 1
:  S = 0

from	
  La_ce	
  QCD	


Vc(r) = 1
mN

Δφ(r;E)
φ(r;E)

+ E
⎛
⎝⎜

⎞
⎠⎟

Solve	
  about	
  Vc(r)	


∇2

mN

+ E
⎛
⎝⎜

⎞
⎠⎟
φ(r;E) = Vc(+ ) (r) +VT

(+ ) (r)S12 +VLS
(+ ) (r)


L·

S⎡⎣ ⎤⎦ φ(

r;E)



K.	
  Sasaki	

Y-­‐N,	
  	
  Y-­‐Y	
  	
  poten;al	
  Y-­‐N	
  poten;al	
  

by	
  H.Nemura	


three-­‐body	
  force	


T.Doi	


H	
  dibaryon	
  in	
  SU(3)	


Inoue	
  	


Y.	
  Ikeda	
 meson-­‐baryon	
  poten;al	

π − Σ K − N

S.Aoki   T.Doi  T.Hatsuda  Y.Ikeda  T.Inoue  N.Ishii   

H.Nemura  K.Sasaki for HAL QCD Coll.	


This method was extended to YY, YN, meson-baryon system 

and three body force.

and various potentials has been calculated.	
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  is	
  not	
  yet.	
V (+ )
LS ,  Vc

(− ),  V (− )
T   ,  V

(− )
LS

 needed	
  for	
  complete	
  determina;on	
  of	
  poten;als	


These	
  remaining	
  poten;als	
  are	
  ..	


Especially,	
  spin-­‐orbit	
  force	
  is	
  important	
  for	
  ..	


 	
  magic	
  numbers	
  in	
  nuclei	
  
 	
  ls-­‐spli_ng	
  of	
  the	
  (hyper)	
  nuclear	
  spectra	
  
 	
  super	
  fluid	
  in	
  neutron	
  star	
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(+ ) (r)S12 +VLS
(+ ) (r)


L·

S⎡⎣ ⎤⎦ P

+φ(r;E)

                             + Vc(− ) (r) +VT
(− ) (r)S12 +VLS

(− ) (r)

L·

S⎡⎣ ⎤⎦ P

−φ(r;E) +O(∇2 )
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
L·

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
L·

S⎡⎣ ⎤⎦ P
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This	
  work	


Vc(+ ) VT
(+ ) has	
  been	
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  La_ce	
  QCD.	
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  is	
  not	
  yet.	
V (+ )
LS ,  Vc

(− ),  V (− )
T   ,  V

(− )
LS

In	
  this	
  work	
  we	
  have	
  extended	
  HAL	
  metod	
  to	
  LS	
  force.	
  
LS	
  force	
  with	
  parity	
  minus	
  sector	
  in	
  NN	
  system	
  is	
  calculated.	
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⎛
⎝⎜

⎞
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φ (− ) (r;E) = Vc(− ) (r) +VT

(− ) (r)S12 +VLS
(− ) (r)


L·

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
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
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∇2
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⎛
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⎞
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 ψ (1) (r ) = Vc(− )  ψ (1) (r ) +V (− )

T  S12  ψ
(1) (r ) +V (− )

LS  

L·

S  ψ (1) (r )

∇2
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+ E

⎛
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⎞
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 ψ (2) (r ) = Vc(− )  ψ (2) (r ) +V (− )

T  S12  ψ
(2) (r ) +V (− )

LS  

L·

S  ψ (2) (r )
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⎛
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⎞
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 ψ (3) (r ) = Vc(− )  ψ (3) (r ) +VT

(− )S12  ψ
(3) (r ) +V (− )

LS  

L·

S  ψ (3)

φ (− ) (r ) =ψ (1) (r ), ψ (2) (r ), ψ (3) (r )
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  QCD.	
ψ (1) (r ), ψ (2) (r ), ψ (3) (r )

:	
  linear	
  independent	
  each	
  other	




∇2 / 2m( ) ψ (1) (r )

∇2 / 2m( ) ψ (2) (r)

∇2 / 2m( ) ψ (3) (r )

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=

ψ (1) (r ) S12  ψ
(1) (r )


L·

S  ψ (1) (r )

ψ (2) (r ), S12  ψ
(2) (r ),


L·

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Solve  about Vc,  VT, VLS	
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from three wave function	
Vc, VT, VLS can be obtained	

ψ (1) (r ), ψ (2) (r ), ψ (3) (r )
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⎟
⎟
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ψ (1) (r ), ψ (2) (r ), ψ (3) (r )

• 	
  	
  Parity	
  Minus	
  
• 	
  	
  linear	
  independent	
  each	
  other	
  
• 	
  	
  Orbit	
  alangular	
  momentum	
  	
  	
  L ≠ 0

Here,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  must	
  be	
  ....	


ψ (1) (r ) S12  ψ
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
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
L·

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∇2 / 2m( ) ψ (2) (r)

∇2 / 2m( ) ψ (3) (r )

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=

Vc(− ) (r) − E
V (− )

T  (r)
V (− )

LS (r)

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟



ψ (1) (r ), ψ (2) (r ), ψ (3) (r )

• 	
  	
  Parity	
  Minus	
  
• 	
  	
  linear	
  independent	
  each	
  other	
  
• 	
  	
  Orbit	
  alangular	
  momentum	
  	
  	
  L ≠ 0

Here,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  must	
  be	
  ....	


How	
  to	
  construct	
  them	
  ?	


3P0 , 
3P1  and 

3P2In	
  this	
  work,	
  we	
  calculated	
  :	




dd
d u u u

   Parity  Plus

   orbital angular momentum L=0


dd
d u u u

   Impose the momentum to the nucleon (quark) 	


   construct the L=1 (on the cubic group : T1) state

      with combining 6-different direction of momentum.


L ≠ 0

two nucleon in rest frame (wall sorce)


3P0 , 
3P1  and 

3P2In	
  this	
  work,	
  we	
  calculated	
  :	


Y00 Y10 Y20

Y21 Y30 Y31

S-wave	




φ(r )P=− = φ(r;+

k ) −φ(r;−


k )

φ(r )P=+ = φ(r;+

k ) + φ(r;−


k )parity plus	


parity minus	


dd
d u u u

dd
d u u u ±

k−k

exp(−ik

·r

)

   Impose the momentum to the nucleon (quark) 	


   subtracting NBS waves with opposite direction of momentum




L ≠ 0
representation of SO(3) reduce to  

                    “irreducible representation on the cubic group”	


 

A1
T1

T2

E

L ,  S ,  J ⎯→⎯ A1, A2 , E, T1, T2

D(l=0)

D(l=1)

D(l=2)

SO(3)	
 cubic	
  group	




ψ (x) =ψ (l=0)(x) +ψ (l=1)(x) +

An irreducible representation has an orthogonality

                                      （Group Orthogonality Theorem)：	


ψ (R(θ,φ)  x) = D(l=0)(θ,φ) ψ (l=0)(x) + D(l=1)(θ,φ) ψ (l=1)(x) +

We can extract definite angular momentum (representation on SO(3))	


2l +1
4π

dθ dφ   D(l=L ) (θ,φ)*  ∫ ψ (R(θ,φ)  x) =ψ (l=L ) (x)

dθ dφ  ∫ Dµν
(l ) (θ,φ)*Dµ 'ν '

(l ') (θ,φ) = 4π
2l +1

δ l ,l 'δµ , ′µ δν , ′ν



ψ (x) =ψ (A1 ) (x) +ψ (A2 ) (x) +

Dµν
(Γ ) (gi )

*

i=0
∑ Dµ 'ν '

(Γ ') (gi ) =
24
dΓ

δΓ , ′Γ δµ , ′µ δν , ′ν ,    Γ = A1,A2 ,E,T1,T2

ψ (R(gi ) 
x) = D(A1 ) (gi ) ψ

(A1 ) (x) + D(A2 ) (gi ) ψ
(A2 ) (x) +

dΓ

24 i=0

24

∑ D(Γ )
µ ,ν (gi )

*ψν (R(gi ) 
x) =ψ µ

(Γ ) (x)

An irreducible representation has an orthogonality

                                      （Group Orthogonality Theorem)：	


In same way,  we can extract definite representation on cubic group

                                                                                ( ~ angular momentum)	




Dµν
(Γ ) (gi )

*

i=0
∑ Dµ 'ν '

(Γ ') (gi ) =
24
dΓ

δΓ , ′Γ δµ , ′µ δν , ′ν ,    Γ = A1,A2 ,E,T1,T2

dΓ

24 i=0

24

∑ χ(gi )
*ψ (R(gi ) 

x) =ψ (Γ ) (x),      χ = Tr{D}
charcter	


An irreducible representation has an orthogonality

                                      （Group Orthogonality Theorem)：	


ψ (x) =ψ (A1 ) (x) +ψ (A2 ) (x) +

ψ (R(gi ) 
x) = D(A1 ) (gi ) ψ

(A1 ) (x) + D(A2 ) (gi ) ψ
(A2 ) (x) +

In same way,  we can extract definite representation on cubic group

                                                                                ( ~ angular momentum)	




φ(r )P=− = φ(r;+

k ) −φ(r;−


k )

φ(r )P=+ = φ(r;+

k ) + φ(r;−


k )parity plus	


parity minus	


Parity :	


Angular momentum:	


2l +1
4π

dθ dφ   D(l=L ) (θ,φ)*  ∫ ψ (R(θ,φ)  x)

dΓ

24 i=0

24

∑ D(Γ )
µ ,ν (gi )

*ψν (R(gi ) 
x)

Projection operator

based on cubic group:

because rotational sym

is broken O(3)  cubic group	


Dµν
(Γ ) (gi )

*

i=0
∑ Dµ 'ν '

(Γ ') (gi ) =
24
dΓ

δΓ , ′Γ δµ , ′µ δν , ′ν ,    Γ = A1,A2 ,E,T1,T2Great	
  Orthogonally	
  :	
  	
  	


we	
  impose	
  momentum	
  to	
  nucleus	


dd
d u u u





Set Up	


	
  heavy	
  quark	
  mass	
  
(calcula;on	
  cost	
  ∝	
  1/mq	
  )	






1P1 NBS wave function for S=0	


∇2

mN

+ E
⎛
⎝⎜

⎞
⎠⎟
φ (− ) (r;E) = Vc(− ) (r) +VT

(+ ) (r)S12 +VLS
(+ ) (r)


L·

S⎡⎣ ⎤⎦ φ

(− ) (r;E)

Vc(− )S=0 (r) =
1
mN

Δφ(r;E)
φ(r;E)

+ E
⎛
⎝⎜

⎞
⎠⎟



(so3	
  improved	
  ver,	
  not	
  ;me-­‐dependent)	




1S0	
  	
  	
  wall	
  source	
  	
  ・・　shiW	


1P1	
  	
  	
  cos	
  type	
  source	
  	
  ・・ 	
E = (2π / L)2 / mN

35	


Parity	
  Plus	
  
Parity	
  Minus	


phase	
  shiW	


 	
  parity	
  odd	
  central	
  force	
  (from	
  1P1)	
  has	
  strong	
  repulsive	
  core	


 	
  comparison	
  of	
  central	
  poten;al	
  in	
  parity	
  even	
  and	
  one	
  in	
  parity	
  odd.	






3P0	
  
J=1	
  (A1)	
  	
  L=1	
  (T1)	
  (imaginary	
  part)	


3P2	
  
J=2	
  (E)	
  	
  L=1	
  (T1)	
  	
  	
  (imaginary	
  part)	


3P1	
  

J=1	
  (T1)	
  L=1	
  (T1)	
  	


We	
  have	
  obtained	
  	
  
	
  3P0,	
  	
  3P1,	
  	
  3P2,	
  	
  3F2,	
  	
  3F3	
  
NBS	
  wave	
  func;ons	
  

a=0.1555	
  
1/a	
  =	
  1271	
  MeV	
  
L^3	
  x	
  T	
  =	
  16	
  ^3	
  x	
  32	
  
mN=2165	
  MeV	
  

ψ (r ) = R(r)Y1m (θ,φ)
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Vc  : center force	


VT  : tensor force	


VLS  : spin-orbit force	


∇2

mN

+ E
⎛
⎝⎜

⎞
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φ(r;E) = Vc(+ ) (r) +VT

(+ ) (r)S12 +VLS
(+ ) (r)
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
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
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−φ(r;E) +O(∇2 )
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Vc  : center force	


VT  : tensor force	


VLS  : spin-orbit force	


prelim
inary	


prelim
inary	


prelim
inary	


there	
  are	
  strong	
  fluctua;on.	


	
  caused	
  by	
  boundary.	
  
NBS	
  wave	
  has	
  strong	
  finite	
  effect	
  

L / 2

L / 2



AV18	
  	
  VC	

VC	


11.9.22	


prelim
inary	


central force has repulsive core

(qualitatively same with one with AV18)	
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VT	


11.9.22	


prelim
inary	


tensor force is weak repulsive force

(qualitatively same with one with AV18)	


AV18	
  	
  VT	
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LS force is strong attractive force

(qualitatively same with one with AV18)	
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VLS	




Summary	


We are currently preparing 

the calculation of potentials

 including  LS forces

 for parity minus sector.


VLS (r)

preliminary	


Future work	


   physical point (mpi = 135 MeV)

   applied for YN and YY interaction	


will be performed in K-Computer (2012).	


   parity plus  LS force	



