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@ QCD Lagrangian with quarks and gluons:
1 a W T
L = —ZG/‘WG/ a—i-w,‘(l’)/MDu—m),'ﬂ/Jj
@ Approximate chiral symmetry:
e — ey, g — e TRy

— UL(Nf) X UR(Nf) ~ U\/(Nf) X UA(Nf)
— depending on the energy, Ny = 2,3 have relevance
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@ QCD Lagrangian with quarks and gluons:
1 a W T
L = —ZG/‘WG/ a—i-w,‘(l’)/MDu—m),'ﬂ/Jj
@ Approximate chiral symmetry:
e — ey, g — e TRy

— UL(Nf) X UR(Nf) ~ U\/(Nf) X UA(Nf)
— depending on the energy, Ny = 2,3 have relevance
@ Chiral symmetry is spontaneuously broken in the ground state:

<Py > = <PigYiL >+ <ihig> £ 0

— < PRV L > ~ 6 = symmetry broken to Uy (N)

@ Chiral symmetry restoration? Critical temperature?
Quark mass dependence? Axial anomaly?
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My m

— Nf = 2 case: 2nd order nature depends on anomaly strenght
— small anomaly case: subtle, fixed point?
— vanishing quark masses: first order, but no direct evidence
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Chiral symmetry in effective meson models

@ Lagrangian of the n-flavor low energy strong interaction:
L = 8,Mo*M' —® Tr (MM') = EL[ v (MMT)]2— B2 T (MMT)?
n n

— M = T?(s? + in?) [scalar and pseudoscalar mesons]
— vanishing quark masses
— no anomaly

@ Renormalization group analysis: fixed point(s)?
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Chiral symmetry in effective meson models

@ Lagrangian of the n-flavor low energy strong interaction:
L = 8,Mo*M' —® Tr (MM') = EL[ v (MMT)]2— B2 T (MMT)?
n n

— M = T?(s? + in?) [scalar and pseudoscalar mesons]
— vanishing quark masses
— no anomaly

@ Renormalization group analysis: fixed point(s)?

e (3 functions (e-expansion, 1-loop)

n2+4_2 4n

p1 = —eg1t+ 5 8t 518> + &5
_ ., 2n_ -
fo = —€e&+ ?gzz + 2818
— in 3d, fixed points: g1 = n237i47 2 =0 [0(2n) W.F]
g =0, 2> =0 [Gaussian]

— no IR stable fixed point exists!
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Chiral symmetry in effective meson models

Symmetric &
Phase
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@ Inclusion of only the first quartic coupling:
— 0(2n?) model with second order transition
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Chiral symmetry in effective meson models
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@ Inclusion of only the first quartic coupling:
— 0(2n?) model with second order transition

@ Adding the second coupling: RG trajectories diverge from f.p.
— no second order transition
— indirect evidence of a first order transition

@ Direct evidence?
— Construction of the finite temperature effective potential

Gergely Fejos Chiral symmetry restoration with functional renormalization...



Functional renormalization group flows

o FRG: follows the idea of Wilsonian renormalization group
ZulJ) = exp(Wi) = [ Doel (141 1241 home)

@ Ry: IR regulator function
= requriements: 1., scale separation (suppress modes g < k)
2., Rk — oco0as k— o0
3, Rk — 0ask—0
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Functional renormalization group flows

o FRG: follows the idea of Wilsonian renormalization group
ZulJ) = exp(Wi) = [ Doel (141 1241 home)

@ Ry: IR regulator function
= requriements: 1., scale separation (suppress modes g < k)
2, Rk — o0 as k —
3, Rk — 0ask—0
@ scale-dependent effective action:

_ S
nddl = Wil - [J5-3 [ R
eTHldl / Dl (SIS T (6=0)+} [(G-0)R(5-0)
—> ool = S[P],  Tk=old] = T1p1[9]

@ scale-dependent effective action interpolates between the
classical- and quantum effective action
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Functional renormalization group flows

@ The scale-dependent effective action obeys the following flow
equation:

1
Ok Ry

1
M 1] + Re

— functional integro-differential equation
— not solvable, approximation(s) needed
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Functional renormalization group flows

@ The scale-dependent effective action obeys the following flow
equation:

1
Ok Ry

1
M [0l + Re

— functional integro-differential equation
— not solvable, approximation(s) needed
@ Approximations? — derivative expansion!

ol = [ (Veldl + (20, — A2 - Wi+ .)

= Zi, A = 1, Wi = 0 with Vj # 0 is reliable (LPA)
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Functional renormalization group flows

@ The scale-dependent effective action obeys the following flow
equation:

1
Ok Ry

1
M [0l + Re

— functional integro-differential equation
— not solvable, approximation(s) needed
@ Approximations? — derivative expansion!

ol = [ (Veldl + (20, — A2 - Wi+ .)

= Zy, Ak = 1, W = 0 with Vi # 0 is reliable (LPA)
@ Finite temperature flow equation for the local potential:

K* 1
OV =—T
KUK b2 ;Zw%+k2+u?(k)
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Functional renormalization group flows

e Symmetry breaking pattern (Wafa-Vitten theorem):
= Ur(n) x Ur(n) — Uy(n)
— < M>= T~ 1
@ V) is a function of:
= chiral invariants: /; = Tr [MM]
Iy = Tr [MMT — Tr (MMT)/n)]?
I3 = Tr [MM — Tr (MM*)/n)]?
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Functional renormalization group flows

e Symmetry breaking pattern (Wafa-Vitten theorem):
= Ur(n) x Ur(n) — Uy(n)
— < M>= T~ 1
@ V) is a function of:
= chiral invariants: /; = Tr [MM]
Iy = Tr [MMT — Tr (MMT)/n)]?
I3 = Tr [MM — Tr (MM*)/n)]?

@ Chiral expansion around the < M > configuration:

n
Vi, by ln) = Ui(h) + > () T 1
{a} i=2
@ We derive and solve flow equations for the coefficient
functions Uy and C,Ea)
— very efficent numerically
— 1-dimensional grids (not n-dim.)
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Functional renormalization group flows

@ Flow equations of the coefficients are similary to the
Dyson-Schwinger hierarchy:

Uk(ll) — ClE()’l’O’")
C,EO’I’O"') - C(o,o,1,0...)jC}go,z,o,..)

k
((777 ) L
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Functional renormalization group flows

@ Flow equations of the coefficients are similary to the
Dyson-Schwinger hierarchy:

Uk(ll) — ClE()’l’O’")
C,EO’I’O"') - C,EO’O’I’O'"), C,EO’Z’O"')
C,EO’O’I’O"') -

@ Truncation is necessary
— we keep only those coefficients that are already
nonzero at classical level

Vie = Ui(h) + 0001y -

e Evaluation of Vj at < M >= ,T°
— hlv = V2/2, hly, =0
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Functional renormalization group flows

K*T n? n? -1 1
O Un(l) =
kUe(h) = & <wg,7+5;+w,2n+ggo+wg,+53>

m
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Functional renormalization group flows

k4T n? n?—1 1
Ok Uk(ll) = E ( -+ + )
672 - w2 + E2 w2 + E§0 w2, + E2

4(3Ck +2hC})?/n

(wh + EZ)?(wh + E3)
128CP13/n

(Wi + EZ)3(win + EL)

+4Ck (4Ck(n2 — 3) + (1 — 4n2)/1 C;{) /n
(wh + EZ)?
+4 (3CkCih +412C, + C(3Ck — 2C/I7)) /n
(Wi + EZ)(wi, + E)?
64C2I2(Ck — hC})/n 48C2I2C;, N
(Wi + B (Wi + ER)® (Wi + ER) (WA + ER)®

k*T

ok Ci(h) = =
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Functional renormalization group flows

@ Assumption of Vj: (form of classical potential)

= i Tr
Vi = 42 Tr (MMT) + é’r”TrM/\/sz

B2y (MMt y?
n

@ We recover the one-loop S-functions:

_ n? 44 _,

B = —egik+ 3 ——8ixt+ 3g1kg2k+g2k
_ 2n _ o

B2 = —€gk+ ?g22,k + 281,k82,k

o Flow of the mass parameter:

(n? +1)g1x + 2ngok
6(k2 + 117)?

ak/lk *k4
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Functional renormalization group flows

@ Assumption of Vj: (form of classical potential)

81,k

Vie = i Tr (MM1) + S5 T (MM + B2y (MMt y?
n

@ We recover the one-loop S-functions:

_ n? 44 _,

B = —egik+ 3 ——8ixt+ 3g1kg2k+g2k
_ 2n _ o

B2 = —€g i+ ?g22,k + 281,k82,k

o Flow of the mass parameter:

(n? +1)g1x + 2ngok

0 —k*
= 6(k% + 1177

@ The functional flow equations contain much more:
— infinite resummation of n-point couplings
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Numerical results (effective potential)

WIN? =005, g, =-08, g;=11, n=2 WAIA2=-008, g, =-08, g;=11, n=3
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0015 |

@ k =0 is very demanding to reach numerically
— the flow was stopped at k/A = 0.2
— at finite k, the potential is not convex

@ First order transition is observed
— in the whole range of the parameter space
— irrespectively of the flavor number n
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Numerical results (effective potential)

VAt
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© When k — 0, the potential gradually becomes convex

@ The effective potential is not a convenient quantity for
identifying 1st order transitions
— crit. temp. and discontinuation are defined as limits:

TC = /I'mk_>o T(:(k), AVO = /I'mk_>oAVO(k)

— numerics: they can be obtained via extrapolation
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Numerical results

WIN? =005, n
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Numerical results (discontinuity
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Numerical results (large-n)

@ Large-n scalings of functions:
Uk(ll) = n2uk(i1), Ck(ll) = ck(il)/n, /1 = n2i1

@ n-dependence of T¢:

WIN? = -0.05, g, =04, g,=1.0
0615 T

TIA
°

0575
2

o Less than 3% difference between n =3 and n = o0
— large-n expansion is quite robust

Gergely Fejos Chiral symmetry restoration with functional renormalization...



Numerical results

WIN?=-0.05, g, =-0.8, g,=1.1, n=3
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e Approximating Cy(l1) ~ const. is crude
— the function develops a structure as k — 0
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Numerical results

o N=2 PURE
m, < IGAUGE
s o™ order 2" order \ 1%
o) Z(2) ~order]
physical point N=3
) N=1
mu.d .
— our method: no anomaly included

— for Nf = 2,3 we obtain first order transitions
— if anomaly disappears at T¢ = Columbia plot has to change

Gergely Fejos
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@ Anomaly term in the Lagrangian:
L,y = c(det M + det M)

— changes the masses and spoils chiral symmetry

k* 1
WVe=—=T
=g TE Y

— Vk 75 Vk(lla 12,...)
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@ Anomaly term in the Lagrangian:
L,y = c(det M + det M)

— changes the masses and spoils chiral symmetry

k* 1
WVe=—=T
=g TE Y

— Vk 75 Vk(lla 12, )
@ Way out: expand the r.h.s. in terms of the anomaly coefficient

@ This procedure is compatible with the Ansatz
Vi = Uk(h) + Ci(h) - b + ci(I)(det M + det MT)

— obtain the flow and T-dependence of c,(/1) coeff.
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Finite quark masses

e Finite quark masses are realized as explicit symmetry breaking
terms:

Ly = Tr[HM + M")] = hos® + hgs®
— these couplings do not change the flow equations at all

— they do not have an RG-flow
— only effect: shift the value of the effective potential

@ Implementation is easy and straightforward

Work is under progress...
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Conclusions

@ Analysis of the U(n) x U(n) meson model
— no anomaly, zero quark masses
— top left and bottom left regions of the Columbia plot

@ Functional renormalization group method
— local potential approximation
— chiral invariant expansion

@ Calculation of the effective potential

— convexity

— TC = Iimk_>0 Tc(k), AVO = Iimk_>0 AVo(k)
@ Only first order transitions have been observed,

irrespectively of n

— if the anomaly is recovered around T,

no second order transition appears!
— Columbia plot changes

Gergely Fejos Chiral symmetry restoration with functional renormalization...



