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MOTIVATION
Probe the hadron structure 

size, charge radii, magnetic moment 

Effect of heavy quarks 

Previous work: heavy quark shrinks the mesons
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New data anticipated, theory should keep up 
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Two key equations:
sum over Hamiltonian eigenstates (hadrons)

path integral (quark d.o.f.)

Tools of the stat. physics: 
Importance Sampling

e-S acts as the Boltzmann factor  

Euclidean action to tame the oscillation 

Wick rotation to imaginary time

Discretize the space-time continuum 

Non-perturbatively regularizes theory 

Solvable by computers 
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EM FORM FACTORS
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1. PACS-CS generated 32
3
x64, β=1.9, 2+1 flavor 

(u/d,s) lattices  Phys. Rev. D79 (034503) 

I. Gauge action: Iwasaki, Fermion action: 
Clover  

II.  a = 0.0907(13) fm,  a-1 = 2.176(31) GeV 

III. Box Size: (2.9 fm)
3
 x 5.8 fm 

IV. 𝜅ud = 0.13700, 0.13727, 0.13754, 0.13770, 

i. mπ ～ 700, 570, 410, 300 MeV 

V.  𝜅s = 0.13640, 𝜅c = 0.1246 

2. Clover action for all valance quarks  

I. cE = cB = 1/(u0)
3 
(FermiLAB method) 

II.  𝜅c  tuned to 1S M𝜂-J/𝜓 , MD-D* , MDs-Ds* 

3. Point-split (conserved) vector current: 
renormalisation not necessary 

4. Connected diagrams only 

5. Multiple Shell source - Wall sink pairs  

I. t =12 a separation 

II.  Smearing: <rl> ~ 0.5 fm, <rc> ~ <rl>/3 

III. Wall sinks: no need for sequential inversions, 
caveat: increased noise!  

i. Coulomb gauge fix: wall smearing is 
gauge dependent 

6. Stat. errors single-elimination Jackknife 
analysis

SIMULATION DETAILS
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FIG. 5: Same as Fig. 4 but for the electric form factors of ⌅++
cc and for the magnetic form factors of ⌅+

cc. We show the data val values we consider.
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Good fits to the dipole form 

EFFs are normalised to unit charge
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FIG. 5: Same as Fig. 4 but for the electric form factors of ⌅++
cc and for the magnetic form factors of ⌅+

cc. We show the data val values we consider.
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RESULTS 
plateaus: 𝛴c , 𝛺c , 𝛺cc 
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𝜅ud = 0.13700 

p-value criteria
9 (7) 4-mom insertions for 
electric (magnetic) form factor
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++

c , Ξ++
cc and Ω+

cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.

CHIRAL FITS
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FIG. 8: The chiral extrapolations for electric charge radii
of Σ++

c , Ξ++
cc and Ω+

cc in (amπ)
2. We show the fits to con-

stant, linear and quadratic forms. The shaded regions are the
maximally allowed error regions, which give the best fit to
data.

B. Lattice evaluation of the data

In order to evaluate the magnetic moments, we need to
extrapolate the magnetic form factor GM to −q2 ≡ Q2 =
0, while the electric charge, which is defined as GE(0),
can be directly computed. We use the following dipole
form to describe the Q2 dependence of the baryon form
factors:

GE,M (Q2) =
GE,M (0)

(1 +Q2/Λ2
E,M )2

. (17)

It is well known that this dipole approximation gives
a good description of experimental electric form-factor
data of the proton. Note that the electric charges of the
baryons, GE(0), are obtained in our simulations to a very
good accuracy.
Fig. 6 and 7 display the electric form factors of Σ++

c ,
Ξ++
cc and Ω+

cc, as normalized with their electric charges,
and the magnetic form factors of Ξ+

cc, Ω
+
cc, Ω

0
c , Σ

0
c and

Σ++
c as functions of Q2. We show the lattice data and the

fitted dipole forms for all the quark masses we consider.
As can be seen from the figures, the dipole form describes
the lattice data quite successfully with high-quality fits.
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FIG. 9: The chiral extrapolations for magnetic charge radii
of Σ0,++

c , Ξ+
cc, Ω0

c and Ω+
cc. We show the fits to constant,

linear and quadratic forms.

We can extract the electromagnetic charge radii of the
baryons from the slope of the form factor at Q2 = 0,

⟨r2E,M ⟩ = − 6

GE,M(0)

d

dQ2
GE,M (Q2)

∣∣∣∣
Q2=0

. (18)

To evaluate the charge radii with the above formula, we
will use the dipole form in Eq. (17), which yields

⟨r2E,M ⟩ = 12

Λ2
E,M

. (19)

Then the charge radii can be directly calculated using the
values of dipole masses as obtained from our simulations.
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FIG. 10: The chiral extrapolations for magnetic moment of
Σ0,++

c , Ξ+
cc, Ω

0
c and Ω+

cc. We show the fits to constant, linear
and quadratic forms.

The magnetic moment is defined as µB =
GM (0)e/(2mB) in natural units. We obtain GM (0) by
extrapolating the lattice data to Q2 = 0 via the dipole
form in Eq. (17) as explained above. We evaluate the
magnetic moments in nuclear magnetons using the rela-
tion

µB = GM (0)

(
e

2mB

)
= GM (0)

(
mN

mB

)
µN , (20)

where mN is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.
Our numerical results for the form factors are given

in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q2 = 0 (GM,B(0)) and the mag-
netic moments (µB) in nuclear magnetons at each quark
mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
that are constant, linear and quadratic in m2

π:

fcon = c1, (21)

flin = a1 m
2
π + b1, (22)

fquad = a2 m
4
π + b2 m

2
π + c2, (23)

where a1,2, b1,2, c1,2 are the fit parameters.

In order to evaluate the quality of the fits, we find
their χ2 per degree of freedom value and the p-values.
The chiral extrapolations with linear and quadratic forms
deviate from each other with their one to two standard
deviations in some cases, in particular for Σc. A closer
inspection with the χ2 per degree of freedom and the p-
values taken into account reveals that the quadratic form
is favored in the case of charge radii and the linear form
is favored in the case of magnetic moments.

In the case of charmed-strange baryons Ωc and Ωcc,
the pion-mass dependence is solely due to sea-quark ef-
fects. As can be seen in the lowest panels of Fig. 8 and
Fig. 9, the dependence of charge radii for these baryons
fluctuates as we approach the chiral limit, in contrary to
the naive expectation. This fluctuation may also be due
to uncontrolled systematic errors. An intuitive model is
to fit these data to a constant or a linear form, since a
more complex form is not known for sea-quark depen-
dence. Unfortunately, the fluctuating data results in a
poor fit to a linear or quadratic form in the case of Ωc

and Ωcc charge radii. Note that the data in other cases
can be nicely fit to linear or quadratic forms.

In assessing the best fit function to data, we also
account for the consistency between the properties of
the baryons as extrapolated to the quark-mass point
m2

π = m2
ηss

. Unfortunately we do not have the value
of mηss at the SU(3) symmetric point. However, we
can make an estimation using the value mηss = 0.39947,
which was extracted by PACS-CS on a lattice with κud =
κsea = 0.13700 and κs = 0.13640. The charge radii and
the magnetic moments of Ξ+

cc and Ω+
cc, as well as those

of Σ0
c and Ω0

c , are expected coincide at this point. The
properties of the Σ++

c baryon as extrapolated to this re-
gion can be compared with those of an unphysical baryon
similar to Ω++

c but the s quarks are assigned with elec-
tric charge 2/3 —a state that can be easily created on
our setup with trivial replacements.
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Baryon Fit Form ⟨r2E⟩q ⟨r2E⟩Q ⟨r2M ⟩q ⟨r2M ⟩Q µq µQ

[fm2] [fm2] [fm2] [fm2] [µN ] [µN ]

Σ0,++
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DOUBLY CHARMED 𝛯CC
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indicates a compact baryon.    
Brodsky et al. PLB 2011

cc u

3

R=0.06 fm

 1 0 1

ρ [fm]

-1

 0

 1

z 
[f

m
]

R=0.06 fm R=1.2 fm

 1 0 1

ρ [fm]

-1

 0

 1

R=1.2 fm R=2.4 fm

 1 0 1

ρ [fm]

-1

 0

 1

R=2.4 fm

FIG. 2: The light-quark spatial distribution |ψ(r⃗3)|
2 for Mq = 330 MeV with R = 0.06 fm (left), R = 1.2 fm (center), and

R = 2.4 fm (right). The brighter region has higher probability, and the black circles denote the positions of the heavy quarks.
The figure is a part of the whole volume, and the actual calculation is performed in enough large volume.

TABLE I: Numerical results for the different light-quark masses Mq and the different mesh sizes ∆z(= ∆ρ). The calculation
listed here is done with the 128×128-mesh. The omitted length unit is fm.

Mq [GeV] ∆z
√

⟨x2⟩(R=0.06)
√

⟨x2⟩(R=1.2)
√

⟨z2⟩(R=0.06)
√

⟨z2⟩(R=1.2) ⟨Lmin⟩(R=0.06) ⟨Lmin⟩(R=1.2)

0.33 0.08 0.41 0.42 0.43 0.53 0.67 1.61

0.10 0.42 0.41 0.45 0.53 0.67 1.60

0.12 0.40 0.40 0.46 0.55 0.68 1.60

0.50 0.08 0.36 0.36 0.39 0.47 0.58 1.53

0.10 0.35 0.35 0.39 0.49 0.59 1.53

1.0 0.05 0.27 0.29 0.30 0.42 0.46 1.44

0.10 0.27 0.28 0.32 0.42 0.47 1.43

2.0 0.05 0.20 0.23 0.23 0.37 0.35 1.36

0.08 0.20 0.22 0.24 0.37 0.36 1.36

We adopt the variational calculation inspired by the
renormalization group (RG) method. The schematic pro-
cedure is shown in Fig. 1, and its concrete process is as
follows. First, we start with a 2×2 mesh and the spacings
∆ρ(1) and ∆z(1). We minimize E(R), and then obtain
the 2×2-solution ψ(1)(l, m). Here the site (l, m) corre-
sponds to (ρ, z) = (l∆ρ(1), m∆z(1)) (l, m ∈ Z). Next,
we turn to a 4×4 mesh with the twice finer mesh size,

starting from the initial condition ψ(2)
0 (l′, m′) from the

2×2-mesh solution. The 2n+1 × 2n+1-mesh initial condi-
tion is set from the 2n × 2n-mesh solution, as

∆ρ(n+1) =
1

2
∆ρ(n), (8)

∆z(n+1) =
1

2
∆z(n), (9)

ψ(n+1)
0 (2l, 2m) = ψ(n)(l, m), (10)

ψ(n+1)
0 (2l − 1, 2m)

=
1

2
{ψ(n)(l, m) + ψ(n)(l − 1, m)}, (11)

ψ(n+1)
0 (2l, 2m− 1)

=
1

2
{ψ(n)(l, m) + ψ(n)(l, m − 1)}, (12)

ψ(n+1)
0 (2l − 1, 2m − 1)

=
1

2
{ψ(n)(l, m) + ψ(n)(l − 1, m − 1)}. (13)

We repeat this procedure N times, finally obtain the
2N × 2N -mesh solution with the spacings ∆ρ ≡ ∆ρ(N)

and ∆z ≡ ∆z(N). With this RG inspired variational cal-
culation, the solution is expected to converge rapidly to
the absolute minimum. To estimate the discretization er-
ror and the finite-volume effect, we calculate with several
mesh sizes and mesh numbers.

        omitted from PDG summary table.⌅+
cc

⌅++
cc (3541)⌅+

cc(3520)
isospin splitting

⌅+
cc(3520)

A. Yamamoto, H.Suganuma, H. Iida shows 
light quark is situated in the bright region 
Phys. Rev. D 77, 014036 (2008)

SELEX  Collaboration (2002)

13



RESULTS 
comparison with other calculations 

(magnetic moments)

[1] B. Julia Diaz et al., Rel. QM, hep-ph/0401096	


[2] Faessler et al., Rel. 3QM, hep-ph/0602193	


[3] C. Albertus et al., NRQM, hep-ph/0610030	


[4] Bertonas et al., Bag Model, hep-ph/1209.2900	



[5] N. Sharma et al., 𝜒CQM, hep-ph/1003.4338

Bottom line: signs match but LQCD results underestimate the mag. moms  
(or other models overestimate)  

[6] N. Barik et al., indep-QM, PRD 28 (1983)	


[7] S. Kumar et al., eff. mass and screened charge,  J.Phys G31(2005)	


[8] B. Patel et al., hyper central model, hep-ph/0710.3828	


[9] S.-L. Zhu et al., QCD spectral SR, hep-ph/9708411

2

TABLE I: Comparison of our results with various other models. All values are given in nuclear magnetons [µN ].

Our result [1] [2] [3] [4] [5] [6] [7] [8] [9]

Lin. fit Quad. fit

µΣ0
c

-0.852(133) -1.073(269) -1.78 -1.04 - -1.043 -1.60 -1.391 -1.17 -1.015 -1.6(2)

µΣ++
c

1.569(253) 2.220(505) 3.07 1.76 - 1.679 2.20 2.44 2.18 2.279 2.1(3)

µΞ+
cc

0.411(15) 0.425(29) 0.94 0.72 0.785+0.050
−0.030 0.722 0.84 0.774 0.77 - -

µΩ0
c

-0.608(45) -0.639(88) -0.90 -0.85 - -0.774 -0.90 -0.85 -0.92 -0.960 -

µΩ+
cc

0.405(13) 0.413(24) 0.74 0.67 0.635+0.012
−0.015 0.668 0.697 0.639 0.70 0.785 -

Baryon Fit Form ⟨r2E⟩q ⟨r2E⟩Q ⟨r2M ⟩q ⟨r2M ⟩Q µq µQ

[fm2] [fm2] [fm2] [fm2] [µN ] [µN ]

Σ0,++
c Lin. Fit 0.347(49) 0.032(18) 0.403(67) 0.098(80) 2.369(362) -0.099(21)

Quad. Fit 0.390(86) 0.066(32) 0.604(118) 0.236(183) 2.943(732) -0.059(36)

Ξ+,++
cc Lin. Fit 0.386(33) 0.068(5) 0.426(60) 0.082(6) -0.410(51) 0.430(8)

Quad. Fit 0.410(46) 0.095(9) 0.612(115) 0.089(11) -0.516(117) 0.433(16)

Ω0
c Lin. Fit 0.330(32) 0.064(10) 0.398(44) 0.056(19) 1.710(150) -0.099(14)

Quad. Fit 0.398(52) 0.069(22) 0.484(70) 0.054(38) 1.915(279) -0.083(28)

Ω+
cc Lin. Fit 0.287(31) 0.078(7) 0.350(44) 0.095(9) -0.370(26) 0.441(12)

Quad. Fit 0.422(51) 0.104(13) 0.534(72) 0.101(16) -0.428(58) 0.453(22)
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SUMMARY & OUTLOOK

Summary 

Charm quark shrinks the baryon’s size, they are compact! 

Magnitude of the observables are systematically small compared to the that 
of i.e. proton’s. 

CoM is closer to Charm quark(s). 

 𝛯cc is peculiar 

Doubly represented quarks have the dominant contribution. 

Outlook 

Almost physical point calculation on 𝜅ud = 0.13781 (mπ ～ 150 MeV) PAC-CS 
configurations. 

Spin-1/2 states as well as spin-3/2 states.
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TABLE II: The charmed meson and baryon masses at each quark mass we consider, with their chiral fits to linear and quadratic
forms. We also give the experimental values and PACS-CS results for comparison.

u,d
val m⌘c mJ/ mD mD⇤ mDs mD⇤

s

[GeV] [GeV] [GeV] [GeV] [GeV] [GeV]

0.13700 3.019(3) 3.116(5) 2.027(5) 2.180(10) 2.075(5) 2.220(9)

0.13727 3.006(3) 3.097(4) 1.982(5) 2.112(12) 2.052(4) 2.179(8)

0.13754 2.992(3) 3.079(4) 1.934(8) 2.077(16) 2.033(5) 2.155(8)

0.13770 2.984(2) 3.071(3) 1.915(9) 2.045(16) 2.028(4) 2.156(7)

Lin. Fit 2.979(2) 3.063(3) 1.895(6) 2.021(13) 2.018(4) 2.138(7)

Quad. Fit 2.977(4) 3.064(5) 1.893(9) 2.035(22) 2.022(7) 2.156(13)

Exp. 2.980 3.097 1.865 2.007 1.968 2.112

PACS-CS [17] 2.986(1)(13) 3.094(1)(14) 1.871(10)(8) 1.994(11)(9) 1.958(2)(9) 2.095(3)(10)

u,d
val m⌃c m⌦c m⌅cc m⌦cc

[GeV] [GeV] [GeV] [GeV]

0.13700 2.841(18) 2.959(24) 3.810(12) 3.861(17)

0.13727 2.753(19) 2.834(19) 3.740(13) 3.806(12)

0.13754 2.647(19) 2.815(26) 3.708(16) 3.788(16)

0.13770 2.584(28) 2.781(26) 3.689(18) 3.781(28)

Lin. Fit 2.553(18) 2.740(24) 3.660(14) 3.755(18)

Quad. Fit 2.525(38) 2.740(67) 3.687(24) 3.791(36)

Exp. 2.455 2.695 3.519 -

PACS-CS [18] 2.467(39)(11) 2.673(5)(12) 3.603(15)(16) 3.704(5)(16)
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FIG. 6: The electric form factors of ⌃++
c ,⌅++

cc and ⌦+
cc as normalized with their electric charges as functions of Q2, for all the

quark masses we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in Eq. (17).

where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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quark masses we consider. The dots mark the lattice data and the curves show the best fit to the dipole form in Eq. (17).

where m

N

is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits

1S STATIC MASSES

3.042(3)
3.068

3.067(15)

1.990(42)

1.972(11)
1.963

2.108(6)
2.076

2.061(12)

1S M⌘c, J/ 1S MD,D⇤ 1S MDs, D⇤
s

This work

Exp.
PACS-CS

BARYON MASSES
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where m
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is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
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and magnetic charge radii in fm2, the values of mag-
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netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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where m
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is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits

8

TABLE II: The charmed meson and baryon masses at each quark mass we consider, with their chiral fits to linear and quadratic
forms. We also give the experimental values and PACS-CS results for comparison.

u,d
val m⌘c mJ/ mD mD⇤ mDs mD⇤

s

[GeV] [GeV] [GeV] [GeV] [GeV] [GeV]

0.13700 3.019(3) 3.116(5) 2.027(5) 2.180(10) 2.075(5) 2.220(9)

0.13727 3.006(3) 3.097(4) 1.982(5) 2.112(12) 2.052(4) 2.179(8)

0.13754 2.992(3) 3.079(4) 1.934(8) 2.077(16) 2.033(5) 2.155(8)

0.13770 2.984(2) 3.071(3) 1.915(9) 2.045(16) 2.028(4) 2.156(7)

Lin. Fit 2.979(2) 3.063(3) 1.895(6) 2.021(13) 2.018(4) 2.138(7)

Quad. Fit 2.977(4) 3.064(5) 1.893(9) 2.035(22) 2.022(7) 2.156(13)

Exp. 2.980 3.097 1.865 2.007 1.968 2.112

PACS-CS [17] 2.986(1)(13) 3.094(1)(14) 1.871(10)(8) 1.994(11)(9) 1.958(2)(9) 2.095(3)(10)

u,d
val m⌃c m⌦c m⌅cc m⌦cc

[GeV] [GeV] [GeV] [GeV]

0.13700 2.841(18) 2.959(24) 3.810(12) 3.861(17)

0.13727 2.753(19) 2.834(19) 3.740(13) 3.806(12)

0.13754 2.647(19) 2.815(26) 3.708(16) 3.788(16)

0.13770 2.584(28) 2.781(26) 3.689(18) 3.781(28)

Lin. Fit 2.553(18) 2.740(24) 3.660(14) 3.755(18)

Quad. Fit 2.525(38) 2.740(67) 3.687(24) 3.791(36)

Exp. 2.455 2.695 3.519 -

PACS-CS [18] 2.467(39)(11) 2.673(5)(12) 3.603(15)(16) 3.704(5)(16)
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where m
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is the physical nucleon mass and mB is the
baryon mass as obtained on the lattice.

Our numerical results for the form factors are given
in Tables IV and V, in Appendix. We give the electric
and magnetic charge radii in fm2, the values of mag-
netic form factors at Q

2 = 0 (G
M,B(0)) and the mag-

netic moments (µB) in nuclear magnetons at each quark

mass we consider. These numerical values are illustrated
in Figs. 8, 9, 10 with their chiral extrapolations for the
electric radii, magnetic charge radii and the magnetic
moments of the baryons, respectively. To obtain the val-
ues of the observables at the chiral point, we perform fits
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j (n � ĵ, nt)�(n � ĵ, nt)
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Lattice QCD and meson-baryon interactions

• 163x32 lattice with two flavors of dynamical quarks
 (generated by CP-PACS)

• The renormalization-group improved gauge action 
at !=1.95

• Wilson clover quark action 

• Lattice size = (2.5 fm)3x(5.0 fm)

• Hopping parameter κsea, κval=0.1375, 0.1390, 0.1393, 0.1400, 0.1410

• Up- and down-quark masses 150, 100, 90, 60, 35 MeV

• Smeared source and sink operators separated by 8 lattice units in the temporal direction.

• Statistical errors with jackknife analysis

SIMULATION PARAMETERS

(x1,t1)(x2,t2) (0,0)

P(x1)

Generate gauge configurations (lattices) 

det[Dq] terms include sea-quark effects (unquenched) 

Compute the fermion propagators 

Compute hadron properties 

Contract props 

Calculate on different lattices (Importance sampling)

Visualizations of QCD Project (bit.ly/vqcd)

19

e-SF reduces to det[ ] terms
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FIG. 5: Same as Fig. 4 but for the electric form factors of ⌅++
cc and for the magnetic form factors of ⌅+

cc. We show the data val values we consider.
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FIG. 3: A comparison of the electric form factor of ⌅cc for
the heaviest quark mass, as obtained using a simple plateau
fit, the phenomenological fit form in Eq. 16 and the summa-
tion method. The small panel depicts the summed operator
insertions for three time separations and for the first four mo-
mentum insertions with their linear fits.

For the vector current, we consider both the local,

V

µ

= q(x)�
µ

q(x), (14)

and the point-split lattice current,

V

µ

= 1/2[q(x+µ)U†
µ

(1+�

µ

)q(x)�q(x)U
µ

(1��

µ

)q(x+µ)],
(15)

which is conserved by the Wilson fermions, therefore does
not require any renormalisation. Both results are in good
agreement, thus we report only the point-split one.

In our simulations, the source-sink time separation is
fixed to 1.09 fm (t

2

= 12a). Statistics limit the upper
value of t

2

; as we increase the separation the statistical
errors grow rapidly. Therefore, we must choose the small-
est possible separation value ensuring that the excited-
state contaminations are avoided. As for the nucleon
axial and electromagnetic form factors, a separation of 1
fm has been found to be su�cient [2, 13]. A similar con-
clusion has been made for the ⌦� electromagnetic form
factors [14]. To check that a separation of t

2

= 12a is suf-
ficient for the charmed baryons, we compared our results
with those obtained using a separation of t

2

= 14a. As an
illustration, in Figs. 1 and 2 we show the ratio in Eq. (4)
as function of the current insertion time, t

1

, for the elec-
tric and magnetic form factors of ⌅

cc

with t

2

= 12a and
t

2

= 14a. As can be seen, the plateau values obtained
from the two time separations are consistent with each
other, implying that the shorter source-sink time separa-
tion is su�cient. As compared to t

2

= 12a, the error bars
for t

2

= 14a are at least twice as large. Other baryons
we study exhibit a similar behavior, therefore we use the
shorter separation i.e. t

2

= 12a in all of our analysis.
To further ensure that the ground baryon state is

isolated from the excited-state contaminations we per-
formed a secondary analysis and fitted the ratio in Eq. (4)
to a phenomenological form

R(t
2

, t

1

) = G

E,M

+ b

1

e

��t1 + b

2

e

��(t2�t1)
, (16)

where � is the energy gap between the ground and the
excited state. In the case of nucleon form factors us-
ing the sequential-source inversion method, this approach
has proved to be useful in a more systematic analysis ac-
counting for the excited-state contaminations (see e.g.

Ref. [15] for a rigorous test). One obstacle we have in
the case of charmed baryons is that the energy gaps are
unknown. Hence we take � as a free parameter together
with b

1

and b

2

, yielding a larger uncertainty for G

E,M

.
One other caveat is that the source and the sink we utilize
are asymmetric in smearing, which implies b

1

6= b

2

.
In Fig. 3 we compare the electric form factor of ⌅

cc

as
obtained using a simple plateau fit and the phenomeno-
logical fit form in Eq. (16), for three illustrative momen-
tum transfers and for the heaviest quark mass. It can
be seen that the two fit forms give completely consistent
results, the error bars being twice as large for the phe-
nomenological fit form. In Table I we give the parameter
values of R(t

2

, t

1

) in the case of electric form factors of
⌅
cc

for all momentum transfers. The statistical error in
� values is quite large as expected. Note that we do not
intend to interpret � as the physical energy gap at this
stage. On the other hand we have not been able to obtain
a good fit to the phenomenological form for the magnetic
form factors. For all the momentum transfers, the statis-
tical errors in the parameters of the fit to R(t

2

, t

1

) are too
large to allow a precise determination of G

M

. Therefore,
we use solely a plateau fit in extracting the ground state
matrix elements of electric and magnetic form factors.

TABLE I: The parameter values of R(t2, t1) in the case of
electric form factors of ⌅cc for all momentum transfers and
for the heaviest quark mass.

Q2 GE(Q
2) � b1 b2

[ 2⇡
aNs

] [a]

1 0.910(18) 0.220(100) 0.026(18) -0.087(18)

2 0.839(42) 0.186(90) 0.045(34) -0.143(35)

3 0.775(85) 0.169(110) 0.064(56) -0.174(71)

4 0.703(27) 0.285(108) 0.082(33) -0.154(22)

5 0.664(53) 0.212(122) 0.079(47) -0.171(41)

6 0.634(202) 0.174(160) 0.078(113) -0.197(169)

8 0.594(889) 0.145(251) 0.062(418) -0.210(672)

9 0.552(908) 0.160(356) 0.066(466) -0.205(700)

One strategy that can be used to remove the excited-
state contaminations is to vary the source-sink separa-
tion and extract the ground state matrix elements by us-
ing summed operator insertions [16]. This method has
the advantage of computing matrix elements with re-
duced excited-state contaminations, however it is compu-
tationally more demanding as multiple source-sink sepa-

Excited state systematics in extracting nucleon electromagnetic form factors T.D. Rae
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Figure 1: Left panel: Plateau fits to GE for several ts for the smallest non-zero momentum transfer, Q2.
Excited state contamination effects for the smallest ts are clearly visible (the asymmetric distribution of
points is a remnant of the non-zero momentum transfer). Right panel: Summation method for GE . Both
panels are shown for our lightest ensemble (mp = 277 MeV).

3. Systematics of extraction

Correlation functions must have reached their asymptotic behaviour for a reliable and unbiased
determination of the form factors. However, we observe exponentially decaying excited states
from both the source and sink. Therefore, simple plateau fits (left panel fig. 1) show a trend of
higher values for small source-sink separations, i.e. for decreasing ts. To control systematics, it is
important to take these excited states into account. Contributions to the ratio from the ground and
excited states may be factorised

R(~q, t, ts) = R0(~q, t, ts)
⇣

1+O
�
e�Dt�+O

�
e�D0(ts�t)�

⌘
(3.1)

where D and D0 are the energy gaps of the initial and final nucleons respectively. With the assump-
tion D = D0 = 2mp

1 we take the excited states into account using a fit to

R(~q, t, ts) = GE,M +b1e�Dt +b2e�D(ts�t) +b3e�Dts . (3.2)

An alternative without the need for the assumption D = D0 = 2mp uses summed operator insertions
[10]:

S(ts) =
ts

Â
t=0

R(~q, t, ts) ! c(D,D0)+ ts
⇣

GE,M +O
�
e�Dts

�
+O

�
e�D0ts

�⌘
. (3.3)

This allows the form factors to be extracted from the slope, from computing S(ts) for several ts
(right panel fig. 1). The excited states should be more suppressed for this method than for a fit to
eq. (3.2), because ts > t,(ts � t).

1This is not strictly true when there is a momentum transfer, however we find this to be a small effect as the data
is well described by eq. (3.2). Further to this, the results agree with the summation method, which does not require an
assumption for the energy gap.
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Smallest time separation possible
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