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Careful observation of experimental spectra ;
degeneracy among states with the same L for D/Ds/B/Bs

Relativistic potential model respecting heavy-quark
symmetry does not conserve L

Godfrey-Isgur model respecting L

Why do these two give the similar results?
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Careful observation of experimental spectra

nonrelativistic and classical classification 2S+1LJ

Is L conserved? GI does but heavy-quark symmetry doesn’t

GI, ZVR, LS : Godfrey-Isgur model and its associates

DE, MMS (EFG) : relativistic potential model respecting
heavy-quark symmetry

EXP : experimental data

Average : average of a spin multiplet

Gap : gap between spin multiplets (∼ ΛQ = 300 MeV)
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Relativistic potential model
respecting heavy-quark symmetry

expanding system in 1/mQ

(H−1 + H0 + · · · −mQ)
(
ψ0
ℓ + ψ1

ℓ + · · ·
)

=
(
E 0
ℓ + E 1

ℓ + · · · −mQ

) (
ψ0
ℓ + ψ1

ℓ + · · ·
)

Lowest order equation of motion

(α⃗q · p⃗ + βqmq)Ψ
+
ℓ = E 0

ℓ Ψ
+
ℓ

One Dirac particle equation (Ψ+
ℓ : 4×4 spinor)
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Godfrey-Isgur model

Equation of motion which conserves L, J, and jℓ

HΨ = (H0 + V )Ψ = EΨ,

H0 =
√

p2 +m1 +
√

p2 +m2
2,

V = Hconf + Hhyp + HSO

HSO (spin-orbit term) breaks rotational symmetry
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Anylytical analysis (heavy-quark symmetry)

Lowest order Hamiltonian

H0 = α⃗q · p⃗ +mqβq,[
H0, L⃗

]
= −iαq × p⃗,

[
H0,

1

2
Σ⃗q

]
= i α⃗q × p⃗

which conserves light quark degrees of freedom j⃗ℓ = L⃗+ 1/2Σ⃗q

and total angular momentum j⃗ = j⃗ℓ + 1/2Σ⃗Q
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Analytical analysis (E.V. of [H0, L⃗
2])

Calculate [H0, L⃗
2]

M = [H0, L⃗
2] = iαqj

(
ipj − rjp

2 + (r · p)pj
)
≡ αqj fj(r , p)

For any operator O and eigenfunction Ψℓ, we have

Theorem 2.1

⟨Ψℓ| [H0,O] Ψℓ⟩ = 0

Proof.

⟨Ψℓ| [H0,O] Ψℓ⟩ = ⟨Ψℓ| (E0O −OE0) |Ψℓ⟩ = 0
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Analytical analysis (actual wave function)

General actual wave function is given by

ψℓ = Ψ+
ℓ +

∑
ℓ′

(
cℓ,ℓ

′

+ Ψ+
ℓ′ + cℓ,ℓ

′

− Ψ−
ℓ′

)
,

where ℓ = {k, j ,m} with a total angular momentum j and its
z-component m. (k, jℓ) = (−1, (1/2)−), (+1, (1/2)+), · · · and

Ψ+
ℓ =

(
0 ψk

jm

)
, Ψ−

ℓ =
(
ψk
jm 0

)
,

ψk
jm(r ,Ω) =

1

r

(
uk(r)y

k
jm

ivk(r)y
−k
jm

)

Ψ
+/−
ℓ : positive/negative component of Q
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Analytical analysis (0− & 1− states)

0− & 1− states are given by

ψℓ(0
−) = Ψ+

−1 + c−1,1
1− Ψ−

1 + O
(
1/m2

Q

)
,

ψℓ(1
−) = Ψ+

−1 + c−1,2
1+ Ψ+

2 + c−1,−2
1− Ψ−

−2 + O
(
1/m2

Q

)
,

ck
′,k

1± are of the order of 1/mQ .
Using these w.f.’s, matrix elements are given by⟨

Ψ+
ℓ′ |M|Ψ−

ℓ

⟩
=
⟨
Ψ−

ℓ′ |M|Ψ+
ℓ

⟩
= 0,⟨

Ψ±
ℓ′ |M|Ψ±

ℓ

⟩
= i

∫
d3r

1

r

[
−vk′(r)y−k ′†

j ′m′ σnfn(r , p)

×
(
1

r
uk(r)y

k
jmσi

)
+ uk ′(r)yk

′†
j ′m′σnfn(r , p)

(
1

r
vk(r)y

−k
jm σi

)]
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Conclusions and summary

Matrix element (M.E.) starts from (1/mQ)
2 for 0−

M.E. starts from 1/mQ for 1− (e.g.,
⟨
Ψ+

−1|M|Ψ+
2

⟩
)

general M.E. starts from 1/mQ because of general
expression for wave function

Neglection of vk(r) leads to rotational symmetry
L⃗2ykjm = k(k + 1)ykjm = L(L+ 1)ykjm
This corresponds to nonrelativistic limit of heavy quark
symmetry!!

Application of our idea : QQq, QQQ̄q, heavy quarks + a
brown mock of light quarks

LHCb and forthcoming BelleII are expected to test our
observation
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