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INTRODUCTION

NONVANISHING BARYON DENSITY

» Dense QCD phase diagram

Data at lower beam energies will be forthcoming at J-PARC, FAIR, Dubna, RHIC(BES-II), ...
Finding appropriate observables are needed
One might expect a transition to exotic phases because of high densities

Recent theoretical studies predict inhomogeneous phases
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INTRODUCTION

NONVANISHING BARYON DENSITY

» Compact star physics:

Inside of compact stellar objects reaches high densities
— might be reasonable to expect a transition to exotic phases

Discovery of two-solar-mass neutron stars
— EOS should be stiff to support massive stars
— consideration of exotic phases could become important if it has a stiffer EOS

— inhomogeneous phases in QM core might make it possible... [Carignano-Ferrer-Incera(2015)]

One expects the development of compact star physics via the observations
at ASTRO-H (launched recently), LIGO (detected gravitational waves), etc.
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Inhomogeneous phases are relevant for dense matter
— We here focus on inhomogeneous chiral phases
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INTRODUCTION

INHOMOGENEOUS CHIRAL PHASE

» Conventional phase diagram (focused on a chiral phase transition)
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= order parameter is constant in space (homogeneous condensed phase)

= what if a space dependent one is allowed and lowers free energies?
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INTRODUCTION

INHOMOGENEOUS CHIRAL PHASE

» The resulting phase diagram

T

(focused on a chiral transition region)
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=> chiral transition region is extended (where an inhomogeneous chiral phase appears)

= obtained from, e.g., NJL mean-field calculations i« subaliaCarignano;pPnp(2015)]
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INTRODUCTION

INHOMOGENEOUS PHASES

> Condensed matter phySiCS (interplay of superconductivity and ferromagnetism)
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= Well-known inhomogeneous phase includes a FFLO state [cf. Matsuda-Shimahara(2007)]

= It has been observed a FFLO phase in an organic superconductor [Mayaffre et al.(2014)]




INTRODUCTION

INHOMOGENEOUS CHIRAL PHASE

» Recent QCD phase diagram (predicted by Fukushima-Hatsuda in 2010)
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= inhomogeneous chiral condensed phases could appear in real QCD




INTRODUCTION

TYPICAL SHAPE OF INHOMOGENEOUS CHIRAL CONDENSATES

Flavor-SU(2) case a general chiral order parameter: ¢ (z)=(V¥) (z)+i(PivgT3) (x)

» FF-type (¢rr=Ac???) ground state: [Nakano-Tatsumi(2005); akin to Dautry-Nyman(1979)]

(V) (2) = Acos(qz), (YinsT3))(2) = Asin(gz)

» LO-type (¢ 0=A(z)) ground state: [Nickel(2009); cf. Thies(2006)]

(P)(2) = AVvsn(Azlv)

(A: amplitude, ¢: wavenumber, v: elliptic modulus)

> Dual chiral density waves (DCDW) > Real kink crystals (RKC)

(W) velod]

(biysTs)

(periodic domain walls in 34+1D systems)
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ODULATIONS

Basic features of 1D modulations

(mean-field results and fluctuation effects beyond MFA)




BASIC FEATURES OF 1D MODULATIONS

1D MODULATIONS (NJL resurrs wrriin MFA)

» NJL-model Lagrangian (chiral limit):
Ly = Yiv*ou + G [(1/_1111)2 + (ii’YsTaw)Q]
> MFA (condensates):
o) = (Y@)P@), Tal@) = P@)iv5Tat(@))das

» Gap equations (minimizing thermodynamic potential V w.r.t. o, ) :

SVme (T, 30, 7a) _ OVwE(T, p5. 0, 7a) -0
do(x) Oma ()

> difficulty in solving the eigenvalue eq. in 3+1D: [i@ +o(z)+ivsTgma(a)]tp = 0
> using known 1+1D exact analytic solutions (and boosting transverse directions)
thanks to a mathematical discovery of self-consistent solutions in 1+1D systems [Basar-Dunne-Thies(2009)]

> obtain gap solutions by minimizing V\r w.r.t. variational parameters (A, g, v)
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1D MODULATIONS (NJL RESULTS WITHIN MFA)

BAsSIC §
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S OF 1D MODULATIONS
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> T = 0 results:
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= RKC is energetically favored over DCDW
within MFA in the chiral limit

=> qualitatively same even at 7' > 0

(but external magnetic fields turn the tables)
(cf. Frolov et al.(2010), Tatsumi et al.(2014)]




S OF 1D MODULATIONS

What if fluctuations are taken into account?

¢(2) = ¢o(2) + 6¢(2)

mean-fields  fluctuations
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BASIC FEATURES OF 1D MODULATIONS

1D MODULATIONS (BEYOND MEAN-FIELD TREATMENTS)

> DCDW ground state: ¢o = (A cos ¢z,0,0,Asin gz)”

» Including fluctuations (NG modes 3;): ¢ = ¢o + d¢ [Lee-Nakano-Tsue-Tatsumi-Friman;PRD(2015) ]
A cos qz —Asingzf3 (o) o
_ 0 A cos gz 1 _ 0 o
b= 0 + A cos qzf2 = 0 + Sma
Asin gz A cos qz3 (m3) o3

P Dispersion relations for NG modes
w? oc 4¢% k2 + (k?)? for B3 (longitudinal mode)
w? oc 497k + (k)2 + O(k®%) for 81,2 (transverse modes)
=> spatially anisotropic because of the lack of Ei—term (akin to smectic liquid crystals)
=> which is due to the symmetry under rotations about transverse direction (slabs?)

P Impacts of NG modes
A cos(gz)e” Si(B2)/2
0 IR

(¢) = (b0 + d¢) =~ 0 — 0 (washed out)
Asirl(qz)e_m:%”2

where Gaussian fluctuations are logarithmically divergent at small k&

2 1 a3k T IR 2 1 a3k T IR
(ﬁl)2>’_“mfmq~—>oo and <53>2mf @*%oo

(2m)3




BASIC FEATURES OF 1D MODULATIONS

1D MODULATIONS (BEYOND MEAN-FIELD TREATMENTS)

> Landau-Peierls instability
» DCDW phase is unstable due to thermal fluctuations: (NG modes at T' > 0)
(@) =0 (NG modes wash out long-range correlations)
=> but algebraic decay correlations remain (quasi-long-range order)
(¢(282)-¢"(0)) ~ FA7cosqz(z/z0) /70
(d’((EL € ) Non (O)> ~ %A2 (wi /ajo) —2T/To (Lee-Nakano-Tsue-Tatsumi-Friman(2015)]
P Unlike disordered/normal phase with exponential decays, this phase exhibits algebraic decays,
and thus could be realized as a quasi-one-dimensionally ordered phase, as in liquid crystals.
[cf. Chaikin-Lubensky(2000)]

P> RKC phase has the same result [cf. Hidaka-Kamikado-Kanazawa-Noumi(2015)]

differences between DCDW and RKC

NG modes Dispersion relations Long-range correlations
DCDW

@ 3 @2 ipi. ~ AkZ + Bk? cos gz (L")

phepla T 2T T L {00 O) ~ 4 Ty

W% ~A'KZ+B'k? ! L
(1 pi-ph coupled) Pliz £ +
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RKC o
4 W}y, ~ ak? + bk} (D) ~ | az(L;")
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Basic URES OF 1D MODULATIONS

1D MODULATIONS (BEYOND MEAN-FIELD TREATMENTS)

> Possibilities inferred from Landau-Peierls theorem

> T =0 limit (sufficiently low temperatures)

(8) = (do +66) £0 (ordered)
=> stable against quantum fluctuations due to convergent fluctuations (82) [ d3kw =1
> External magnetic fields
w? ~ ak? +bk? + c(k%)? for B#0 (cf. w? ~ ak? + c(k?)? for B = 0)
=> dispersion of NG modes is modified

(external magnetic fields explicitly break the rotational symmetry)

=> could be stabilized because of improved IR div

P Finite-size effects
the system size as a IR cutoff ((52) converges; 1D structure remains if A\ ~ L)

= effectively mimic true LRO depending on finite-size effects (or experimental resolutions)
[cf. Als-Nielsen et al.(1980); Baym-Friman-Grinstein(1982)]

» Two- and three-dimensional modulations
similar suppression of Gaussian fluctuations can be expected for higher modulations

=> stabilization could occur

ON T



ND 1D MODULATIC

Beyond 1D modulations




3EYOND 1D MODULATIONS

BEYOND 1D MODULATIONS (2D anp 3D MODULATIONS)

> up to now only a few works have been devoted
> there are no known analytic solutions for 241D or 3+1D systems (unlike 1+1D)
D> assume some ansitze and compare their free energies with 1D condensate

» GL analysis at a Lifshitz point  tabukiishibashi-Suzuki2012)]

=> using some ansatze (multidimensional LO-type real condensates), together with FF-type 1D

0 Prrap(x) = At
D Loap(x) =2 Asin(kz)
5 7 A .
§ 0 /. 1D (FF) —— ¢L0;3D(x) = A(sin(kx) + sin(ky))
) y, 3D (LO) ~--- B
2D (LO) ; = JI= sin(kx) + sin(ky) + sin(kz
02| ooy ¢L0,3D(x) \/;A(sm(l\\) sin(ky) + sin(kz))
SN ——
’ i / Homogeneous ------ Q <0 Q <0 < O
08 67005 0.1 015 02 025 05 035 04 Lo FF 1D 2D 3D

N2
(cf. for only FF-type free energies, Qpp.2p < QFF;1D < QFF;3D)

2D/3D is thermodynamically disfavored against 1D in the vicinity of LP
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3EYOND 1D MODULATIONS

BEYOND 1D MODULATIONS (2D anp 3D MODULATIONS)

> up to now only a few works have been devoted
> there are no known analytic solutions for 241D or 3+1D systems (unlike 1+1D)
D> assume some ansitze and compare their free energies with 1D condensate

> NJL ana|ySIS at TZO [Carignano-Buballa(2012)]

=> diagonalize a Hamiltonian for given ansitze (two-dimensional LO; square and hexagonal lattices)

Square lattice: ;@’
$sa0(x,y) = Acos(gx) cos(qy)

T
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1
1
]

R
o,
7
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2D is disfavored against 1D at T'= 0 as well
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3EYOND 1D MODULATIONS

BEYOND 1D MODULATIONS (2D anp 3D MODULATIONS)

> up to now only a few works have been devoted
> there are no known analytic solutions for 24-1D or 341D systems (unlike 1+1D)
> assume some ansatze and compare their free energies with 1D condensate

» NJL analysis at T=0 (carignano-Buballa(2012)]

=> the high-density side turns the tables (with modified parameter set)
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2D tends to be favored against 1D at higher densities
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OND 1D MODULATIONS

BEYOND 1D MODULATIONS (2D axp 3D mobu

ATIO

> some suggestions [cf. Kojo et al.(2012) for ICS, Shimahara(1998);Machida-Shimahara(2007) for FFLO]

= larger p (or B) leads to a formation of multidimensional crystalline structures

2+1D ICS at T=0

2D superconductor in B

1D —
—

W triangular

2D has lower free energies than 1D
at low T and high magnetic fields

Y
~
P 1P =) square
0.5

H (stress)

BCS hexagonal | |p; A(x) = s 4 Are97 = 21 cos(q - 1)

. . ) tri: A(r) o exp(iau +¥) + exp(iqz - ¥) + expliqy - x)
” (uniform) \ SQ A(r) o cos(gx) + cos(qy),
. i hexa: A(r) o cos(qu - ) + cos(qz - 1) + cos(qs - 1)
0 0.5 1 B (stress)

HgHa /Ay

= there is a case that 3D is favored over 1D (in the context of pion condensation)

[Migdal-Markin-Mishustin(1976)]

» Meson field T

1 | 9. =a(cos kz + cos ky + cos kz) 1

2 | @q0= 0 (cos kz 4 cos ky) 80/51

3 a acoskz /ey favored
4 acoskx cosky cos kz /g,

ON THE



3EYOND 1D MODULATIONS

BEYOND 1D MODULATIONS (2D anp 3D MODULATIONS)

> possibilities
= multidimensional chiral crystals may be possible in other areas

(we only know the areas near the LP and T' = 0)

[Karasawa-Lee-Tatsumi(2016)]
T Quantum fluc. (Dyugaev)
Thermal fluc. (Brazocskil)
Both and improved (KLT)

How about??

15t order
— T

restored

u

1D tends to be favored over 2D/3D : ‘ A Kz
at least within MFA

Incidentally, fluctuation effects (beyond MFA) give rise to a modification of effective
potential, which leads to a fluctuation-induced 1st-order transition (Brazovskii effect)

if the system is stable. [Brazovskii(1975);Dyugaev(1975);Karasawa-Lee- Tatsumi(2016), cf. Ohashi(2002)]

if so = easy to cause multidimensional structures?? (maybe nontrivial)




BEYOND 1D MODULATIONS

BEYOND 1D MODULATIONS (2D anxp 3D MODULATIONS)

» toward a search for multidimensional structure

» NJL model w/ RKC condensate:

= A(r)2
Lyr = ° (i6y — Hp) ¥ — 4((1:) A(r) = —2G ()
—ioc-V Alr
'< HD,VVeyl — 7 (1)
Ar) o-V

. d*p y E,— [t
Q= _‘\f‘\"TZ/ ) In (l cosh (T ))
5 2 2

> it is necessary to know the quark energy spectrum £ to obtain €2
— need to solve Dirac eq. Hpv'= Ev for given A(r) (mass function)
— but rather tough (simplification necessary for A(r))

» we employ another procedure (giving density distributions, instead of A(r))
— at fixed quark number density (n) = i [ d®rn(r), we search the lowest energy
(Thomas-Fermi approximation)

ON THE



SUMMARY

Towards a multidimensional structure

» inhomogeneous chiral phases w/ 1D modulations:

> within MFA and beyond
> Landau-Peierls instability

» inhomogeneous chiral phases w/ 2D or 3D modulations:

» 1D is favored at LP and T'=10
» how about in other areas?
> explore in other areas by numerical treatments w/ TFA (now ongoing)

» additional consideration should be considered:

> B-equilibrium and charge neutrality (chiral pastas?)
> nonvanishing ug, finite B, etc.




Thank you for your attention and patience!
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